We calculate the density fluctuations--both curvature and isocurvature--that arise due to quantum fluctuations in a simple model of extended inflation based upon the 3ordan-Brans-Dicke theory. Curvature fluctuations arise due to quantum fluctuations in the Brans-Dicke field, in general have a nonscale-invariant spectrum, and can have an amplitude that is cosmologically acceptable and interesting without having to tune any coupling constant to a very small value. The density perturbations the' arise due to the inflaton field are subdominaat. If there are other massless fidds in the theory, e.g., an axion or au ilion, then isocurvature fluctuations arise in these fields too. Production of gravitational waves and the massless particles associated with excitations of the Brans-Dicke field are also discussed. Several attempts at more realistic models of extended inflation are also analyzed. The importance of the Einstein conformal frame in calculating curvature fluctuations is emphasized. When viewed in this fra_ne, extended inflation closely resembles slow-rollover inflation with an exponential potential and the usual formula for the amplitude of curvature perturbations applies. ..2 s //, t/--,j i ,-9 fT, c: r-3 £ t..J LL (_" >,.
I. INTRODUCTION
Extended inflation is a very interesting variation on both old 1 and slow-roUover 2 inflation.
In old inflation the inflaton field was the Higgs field responsible for GUT symmetry breaking; while in slow-rollover inflation, in order to achieve density perturbations of an acceptably small level, the inflaton field had to be a very weakly coupled gauge singlet. In extended inflation it is possible for the infiaton field to be associated with GUT symmetry breaking, thereby once again "tying" inflation to a cosmological phase transition. Models 3 of extended inflation have been based upon alternative gravity theories where the value of the gravitational constant is determined by the value of some scalar field, the simplest theory being Jordan-Brans-Dicke. 4
In extended inflation it is crucial that the field that determines the gravitational constant--which we shall refer to as the Brans-Dicke field--vary significantly. The field that precipitates inflation--the inflaton field tr--does so because it gets hung up in a false vacuum state---a local, but not global, minimum of its scalar potential.
While the _ field is hung up, the Universe expands very rapidly--as a large power of time, but not exponentially---owing to the false vacuum energy and the varying "gravitational constant." It is crucial that the scale factor not grow exponentially, so that the probability ( 
This fact will be of some utility later. 
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where B is defined in terms of w, M, and the value of _ at the start of inflation by
Eq. (2.4) implies that during inflation, the expansion rate is time dependent:
Since there is little variation in • during the matter or radiation-dominated regimes, the value of • at the end of inflation is approximately equal to its value today: 
where qJ0 2 = (2t# + 3)m_,t/16z'.
In the Einstein frame the action is given by:
(2.16)
where overline indicates the Einstein frame and GN = rni,_ is the present value of the gravitational constant.
We will assume that the inflaton field is anchored in the false vacuum so that its kinetic term can be neglected; the only effect of the inflaton is to contribute a false-vacuum energy exp(-2_/_0)M (. Note too that at late times, t >> t,, when q_ _ m_t , the conformal factor f_ --, 1, so that the Jordan and Einstein frames become equivalent. (Since • grows with time, the conformal factor decreases monotonically to 1.) During extended inflation it is simple to show that 9 a(f) = a0(1 + C{)_'12+st4;
These facts will be of use shortly.
In the Einstein frame the Brans-Dicke field qt takes on the appearance of a minimally coupled scalar field with with a potential, Y(9) = M 4 exp(-2qJ/@o). The equation of motion for gt is familiar:
Assuming that the _ field is homogeneous, its evolution is just that of a "slow roller:" 
where the quantities on the right side of Eq. In Section IV we will analyze curvature fluctuations in several attempts at more realistic models. Thus, the mass of the inflaton is several orders of magnitude larger than the Gibbons-Hawking temperature, and so fluctuations in the inflaton field are highly suppressed. Note that we have addressed the fluctuations in the _ field in the Jordan frame, as in this frame the kinetic term for _ is canonical.
III. FLUCTUATIONS IN OTHER FIELDS
Were we to carefully address the fluctuations in the ¢ field in the Einstein frame by using a redefined field which has a canonical kinetic term, we would find that mr./(fI/2_) _-m_/(H/2_).
b. Other massless fields
Any nearly massless scalar field, i.e., m 2 << _2 in the theory will have fluctuations of order H/2_" imprinted upon it on all scales. In the case that the energy density contributed by that field is subdominant, i.e., much smaller than that of the inflaton, these fluctuations will not contribute significantly to the curvature fluctuations, but instead give rise to isocurvature fluctuations. This occurs in much the same way it does in slow-roUover inflation. 12 As a simple and interesting example, we will treat isocurvature axion fluctuations.
To analyze these fluctuations it is most appropriate to work in the Jordan frame, 
When the Universe is matter-dominated and a given scale has crossed back inside the horizon, these isocurvature perturbations will give rise to density perturbations of the same amplitude. In slow-ro]]over inflation the spectrum of isocurvature axlon perturbations 12 is identical to Eq. It is straightforward to compute the spectrum of relic gravitational waves today; is they extend from $ ,-_ 10 -2s (met M) Mpc--the mode that re-entered the horizon just after reheating--to A ,,_ 3000 Mpc--the mode that is just re-entering the horizon
today. The fraction of critical density contributed today varies with A as
Gx' oc A2+4/('-I/2) 13 Mpc _< ,_ _ 3000 Mpc, fix ¢x A41(_'-112) 10 -2s (rapt M) Mpc < A _< 13 Mpc, (3.8) and can by normalized by the result above for 12x~3OOOMpc. In the limit that to >> 1 this is the same spectrum as that predicted in slow-roUover inflation.
IV. OTHER MODELS OF EXTENDED INFLATION
Were it not for the fact that solar-system tests of the Brans-Dicke theory require to be greater than about 500, Brans-Dicke theory with w -,, 10 and M ,--1014
GeV would provide a very elegant and viable model of extended inflation.
The rub
is that for a_ < 500, the effective gravitational constant today, which varies as G -1 = oc 41nt/3(2_a + 3), is changing too rapidly to be consistent with the most stringent solar-system limits to G. If, after extended inflation, there were some mechanism to prevent the time variation of @, e.g., a potential of the general form A(_ -rn_,l) 2, the above difficulty could be circumvented. In many theories, including superstrings and other theories that involve higher dimensions, a field like the Brans-Dicke field arises, and is known as the "dilaton." There are a variety of reasons for wanting and expecting the dilaton field to acquire a mass, and extended inflation provides yet another. For the sake of a simple model, imagine that the Brans-Dicke field does acquire a mass, in the form of an additional (potential) term in the Lagrangian,
Such a potential for _ would both "anchor" @, thereby preventing the gravitational constant from varying, and provide a mass for the Brans-Dicke field, rn_ = Am_, t.
As we shall now discuss, in so doing it would not adversely affect extended inflation provided that rn, < (16a'/w)l/_Ma/mp_ ... 10 0 GeV (for M = 1014 GeV).
The addition of such a term to the Lagrangian density of the theory would modify the equations of motion for a(t) and <I>;in the Jordan conformal frame they become: (2t_+l)/(,_-1/2)p-2/(_,-1/2) (4.7)
The amplitude of the fluctuations is increased by a factor of (m_,J_e)(_+1/2)/('_-1/2).
The amplitude of graviton perturbations is increased by the same factor, while isocurvature perturbations are increased by a factor of (m_,J_e)('+1/2)/2('-t/2). Since the largest possible value of _e is M2/_, the increase in the amplitude of curvature perturbations is at least a factor of (v/-_M/mp_) 2(_'+t)/(_'-_n), which nearly cancels a similar factor of M/m_,t in Eq. (4.7):
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